Basis tensor gauge theory (BTGT) is a vierbein analog reformulation of ordinary gauge theories in which the vierbein field describes the Wilson line. After a brief review of the BTGT, we clarify the Lorentz group representation properties associated with the variables used for its quantization. In particular, we show that starting from an SO(1,3) representation satisfying the Lorentz-invariant U(1,3) matrix constraints, BTGT introduces a Lorentz frame choice to pick the Abelian group manifold generated by the Cartan subalgebra of u(1,3) for the convenience of quantization even though the theory is frame independent. This freedom to choose a frame can be viewed as an additional symmetry of BTGT that was not emphasized before. We then show how an S 4 permutation symmetry and a parity symmetry of frame fields natural in BTGT can be used to construct renormalizable gauge theories that introduce frame dependent fields but remain frame independent perturbatively without any explicit reference to the usual gauge field.
INTRODUCTION
Rewriting gauge theories in novel formalisms continue to offer insights into both computational techniques and ideas for physics beyond the SM (see e.g. [1] [2] [3] [4] [5] [6] [7] [8] ). In analogy with general relativity, ordinary gauge theories of semisimple compact Lie groups (see e.g. [9] [10] [11] [12] [13] [14] [15] ) can be rewritten in terms of vierbeins of the gauge group space. The quantization of this vierbein theory was called basis tensor gauge theory (BTGT) [16] . Previous works [16] [17] [18] focused on a symmetric Lorentz group representation G µν ( f ) of the vierbein field, which transforms as
where g is the representation of the ordinary gauge group. The path integral quantization of G µν ( f ) was accomplished using a field redefinition to θ B a (x) phase variables at the expense of introducing a global field (H a ) µν which transforms as a tensor under Lorentz transformations. The Lorentz group representation theory interpretation of (H a ) µν is somewhat obscure and the underlying reasons why the global field introduction does not lead to pathologies have not been addressed previously.
In this work, we therefore clarify the Lorentz group representation of G µν ( f ) and its associated representational meaning of this global field (H a ) µν . We show that G µν ( f ) is a set of symmetric SO (1, 3) complex tensors (closed under the Lorentz transformation orbit before restricting to the θ B a (x) functional space) satisfying the Lorentz invariant U (1, 3) matrix constraints. The set of four θ B a (for a fixed index B) parameterizes the U (1) 4 generated by the Cartan subalgebra of u (1, 3) . More importantly, we show that (H a ) µν is a complete set of frame-dependent projections of the usual Lorentz invariant metric η µν which is why there are no global field pathologies. The naive dangers of frame dependence (partly arising from the non-linearity of G µν ( f ) map to θ a ) is argued to be manifestly innocuous because of the reliance of BTGT on the ordinary gauge field A µ in defining the path integral. Previously stated defining symmetry of the quantized theory (gauge and BTGT invariance) is extended to include frame independence of different choices of (H a ) µν . Finally, we give one recipe for constructing frame independent gauge theories using frame dependent variables based on frame covariance, gauge invariance, BTGT invariance, S 4 permutation symmetry, and a parity symmetry, without making any explicit reference to the usual gauge field A µ .
The order of presentation is as follows. In Sec. 2, we give a brief review of the BTGT theory.
In Sec. 3, we explain how (H a ) µν is equivalent to η µν and explain how the frame dependent description of frame independent theories arise. An interesting idea in this section is the effect of the non-linearity of the field redefinition (of in going from the G µν ( f ) description to θ a description) on the loss of manifest frame independence. In Sec. 4, we explain how G µν ( f ) forms a set of SO (1, 3) tensors satisfying the Lorentz invariant U (1, 3) matrix constraints while θ B a is related to the U (1) 4 subgroup generated by the Cartan subalgebra of u (1, 3) . We further explain how the previous symmetries defining the quantized BTGT theory is extended to include frame independence. In Sec. 5 we present a theorem illustrating how one can construct frame independent gauge theories based on frame dependent tensors, using gauge symmetry, BTGT symmetry, S 4 symmetry, and a parity symmetry, without any explicit reference to the gauge field A µ .
By convention, all repeated indices will be summed unless noted otherwise or is clear from the context of the two sides of the equation. This notational issue should be kept in mind because parts of the paper will explain the relationship between the non-manifestly-covariant representations and covariant representations, and this summation convention applies to noncovariant indices as well.
A BRIEF REVIEW OF BTGT
Let's briefly review the BTGT theory. For an explanation of many statements made in this section, see Refs. [16] [17] [18] .
Suppose φ is a matter field which has the following gauge transformation property
[g(x)] ks ≡ e iΓ C (x)T C ks (3) where T C are the Hermitian generators satisfying the usual Lie algebraic relationship [T A , T B ] = i f ABC T C . The covariant derivative associated with this matter field has a connection, usually expressed as a Lorentz vector field, which tells how to define parallel transports keeping the "gauge direction" parallel as the field is transported along a curve. An alternate formulation of this type of mathematics, typically employed in general relativity to import the spinor technology, involves defining a set of local direction fields having tensor indices in gauge space as well as Minkowski space with which one can use to convert directions in the gauge space into directions in Minkowski space. With these direction fields, called vierbein fields, one can reproduce the information contained in the original connection field commonly denoted as A C µ T C . One such choice for the gauge vierbeins is G α ( f ) β (x), which is a complex Lorentz tensor field that transforms as anR from the right under the gauge group representation and as a rank 2 Lorentz projection tensor. It has the properties of a gauge vierbein in that
and it essentially maps the gauge space to a Lorentz tensor space, at least locally. The analogy with gravitational vierbeins (e a ) µ is the following: the indices { f , α, β } are the analogs of the fictitious Minkowski space index a of (e a ) µ , and the representation of Eq. (4) is the analog of the diffeomorphism acting on the µ index of (e a ) µ . Explicitly, it allows one to express the gauge field as
where G β µ are related to the basis tensor as
where ξ k ( f ) are constant vectors that span the gauge group representation R space as
Quite interestingly and suggestively, Eq. (5) is in the form of a sigma model. Now, we introduce the variables that will be used to pose the question of this paper. To quantize the theory, previous works [16] [17] [18] used the following representation involving a symmetric tensor G β µ qm :
or equivalently
where (H a ) µν is a global real field which transforms as a symmetric Lorentz tensor and θ M a (x) is a real Lorentz scalar field. In practice, one can choose H a explicitly as
where ψ µ (a) are four real 4-vectors satisfying ψ µ (a) ψ (b)µ = η ab , where η ab coincides with the components of the Lorentzian metric in Cartesian coordinates. This choice of ψ µ (a) normalization will be generalized later (see Appendix A) but can always be made without loss of generality.
The introduction of variables of Eq. (9) was particularly useful for the Abelian theory, where one can set T M to a real number and ξ ( f ) = 1 because the map between the gauge field and θ a simplifies to
which is linear. In the non-Abelian case, the relationship is nonlinear:
where
The gauge transformation on θ A a can be written as
where Γ ≡ Γ B T B . Explicitly, Baker-Campbell-Hausdorff formula gives
where θ a ≡ θ A a T A . One of the most important new features of a theory with θ a is that to reproduce ordinary gauge theories, there needs to be a new continuous symmetry which can be referred to as BTGT symme-
and U a is defined in Eq. (13) . Note that even though this is a continuous symmetry similar to a gauge symmetry, it is a symmetry without any compensating fields transforming as in gauge transforms. Its main purpose is to package θ B a into A µ without any other observables that depend on θ B a alone. Without this symmetry (or something similar), there would be the usual problems associated with higher derivative theories stemming from Eq. (11) (with a finite power truncation in higher derivatives) and/or global gauge charge violations. It is interesting to note that this BTGT symmetry can be expressed in terms of a transformation of G µ ν independently of the decomposition in H a . However, we will defer the exploration of this topic to a future work.
If one solves Eq. (12) for θ A a , it will depend on the boundary conditions. Eq. (16) can be viewed as defining an equivalence relation θ
where the (1) and (2) superscripts specify different boundary conditions to Eq. (11) . Indeed, instead of defining specific transformations such as Eq. (16), one can define a generalized BTGT invariance to be the set of transformations that leave Eq. (12) invariant. Given a curve parameterized by
1 It is not known whether other symmetries that have the same desired effect exists. Indeed, one way to interpret this paper is to clarify and add to this symmetry, as we explain later.
one can integrate Eq. (12) to obtain
whereP denotes anti-path-ordering. Exponential of θ a is clearly is related to the Wilson line.
The action for the BTGT theory is of the form
In terms of θ a variables (embedded into U a ), this is
where we have used
The introduction of the θ a variables (through U a and H a ) is useful for path integral quantization.
In the next section, we explain one of the main points of this paper which is to explain how the theory does not have a preferred frame despite the appearance of (H a ) λ µ .
WHAT IS (H a ) λ µ ?
One obvious question arises as to the interpretation of (H a ) λ µ transforming as a symmetric Lorentz tensor. For example, one might very naively guess that θ A a (H a ) λ µ which enters as a package indicates that it is similar to howΨγ µ Ψ in spinor representation (say for a Dirac field Ψ) transforms as a Lorentz vector. Recall that in the case ofΨγ µ Ψ, the field Ψ transforms as a spinor inducing the behavior as if γ µ transforms. This means, we can always keep γ µ to be the same set of numbers in any Lorentz frame. Indeed, Ψ field has 4 real functional degrees of freedom to encode the Lorentz 4-vector representation.However, a symmetric Lorentz tensor field that is not traceless has 10 functional degrees of freedom, whereas θ B a (H a ) λ µ for a fixed B has only 4 functional degrees of freedom. Hence, the object (H a ) λ µ must transform under Lorentz transformations independently of θ B a . This means that the situation is not analogous to the spinor representation and θ B a degrees of freedom are frame dependent fields. We clarify the precise covariant representational meaning of (H a ) λ µ in this section.
To see what (H a ) µν means, first note that it can be written in terms of ψ µ (a) according to Eq. (10) which means that its 10 global degrees of freedom are in the constrained set of real 4-vectors ψ µ (a) . We will now show that ψ µ (a) is just a set of frame-choice induced projections of ordinary tensors used in constructing Lorentz invariant field theories.
In ordinary field theory description, a global field such as ψ µ (a) naively seems exotic. However, for every choice of coordinates x µ [n] (where "[n]" labels a particular coordinate system), one implicitly defines in ordinary field theory the following global field 
where e a [1] refers to an ath basis object of an arbitrarily chosen frame " [1] " whose coordinate basis is spanned by e µ [1] and the "(...)" denotes the usual dual space defined projection
This means that as long as we choose 4 independent objects e a [1] , ψ µ (a) can be used to construct ∆ µ λ which is obviously Lorentz invariant. As we noted, ∆ is used in ordinary field theory. Only difference between an ordinary field theory and the one with ψ µ (a) is the arbitrary initial frame choice " [1] " and the fact that one can (but do not have to) now describe field effects that prefer a frame " [1] ".
For an explicit coordinate dependent expression for ψ µ (a) , consider any frame " [2] " related to frame " [1] " by a Lorentz transform usage in the path integral to ensure that the theory does not depend on that initial arbitrary frame
It is clear that the answer is that the path integral should be rewritable without ψ µ (a) (and its "a"-index associated tensors) and maintain manifest covariance in having a manifest Lorentz scalar action and have a Lorentz invariant path integral measure. If that were not true, then the physical system would have an observable that probes the properties endowed by the ψ µ (a) which would mean that an experiment can be done to pick out the arbitrary " [1] " frame with which ψ µ (a) was defined. We will call this frame independence. If the local field is a Lorentz tensor whose definition is independent of ψ µ (a) , then ψ µ (a) should appear in combinations such that it sums to invariant tensors such as η µν . For example, if φ is an ordinary real scalar field whose Lorentz tensor definition is independent of ψ µ (a) , frame independent theories can have ψ µ (a) only in the combinations such as
in terms of Lorentz scalar fields φ (a) where we clearly see that φ (a) definition does depend on the definition of ψ µ (a) . Now, as long as φ (a) (x) is used in the action, we cannot absorb ψ µ (a) into a coordinate redefinition such that ψ µ (a) completely disappears and at the same time maintain Lorentz covariance. For example, the Lorentz and frame independent´d 4 
where we defined
and used
what remains is not a manifestly Lorentz invariant expression since φ (a) (y) is defined to be a scalar under Lorentz transformations. On the other hand, it is clear from Eqs. (30) and (32) that manifest covariance can be recovered if one first considers ψ µ (a) = δ µ a and now treats a index as a covariantly transforming index (i.e. a transforming under the Lorentz group asV a = Λ a c V c ). Hence, we see that in situations in which there exists a frame in which frame-dependent indices such as (a) are contracted in a manifestly covariant manner, the theory has no preferred frame as one can rewrite it in a manifestly covariant notation. We will call this frame-covariance. The reason why this occurs is because Eq. (25) tells us
which are just components of a (1, 1) Lorentz tensor in this defining frame, just as in usual covariant notation where a now behaves as an ordinary Lorentz tensor index.
Next, there is another source of non-covariance besides the frame choice. Although the functional degrees of freedom count between θ a and U a is the same at least locally, the variable θ a is different from U a from a frame-covariance representational perspective because it has a non-linear map to ordinary tensor indices unlike the index "a" on U a . This non-linearity was introduced to satisfy the gauge group representational requirement of the G µν while allowing an unconstrained path integration over θ a . The loss of manifest covariance stems from introducing only the exact number of functional degrees of freedom to match A µ . A more precise representational theory explanation of these "lost" functional degrees of freedom will be given in Sec. 4.
To better understand the nonlinearity that leads to the loss of frame-covariance in terms of θ a , consider the analogous situation of
where Φ (a) (x) are scalar fields. Eq. (32) turns intô
where X is defined in Eq. (34). Unlike in Eq. (32), even if a transforms as a Lorentz vector index starting from the Λ = 1 frame, one cannot recover manifest covariance because of the nonlinearity of the index appearing in Eq. (36). Furthermore, the loss of frame-covariance also shows up in the path integral measure:
where N 1 is a field independent normalization, M 4 is a momentum space regulator, and we used the change of variables y = ψ −1 x. Hence, we see that
where the right hand side not manifestly covariant and N is an unimportant normalization.
Nonetheless the left hand side is manifestly covariant and frame independent. In contrast, if we had used the frame-covariant field redefinition Eq. (30), we would have found 41), frame-covariance does not really play a role in this argument (the field redefinition argument starting from A µ ) for frame independence of the BTGT theory. On the other hand in Sec. 5 we discuss how frame covariance can enter the frame independence of a theory if we replace the crutch of using the field redefinition A µ (θ a ) with the symmetries of gauge invariance, BTGT invariance, S 4 symmetry, and a particular parity symmetry of the frame field.
AN EXTENSION OF THE BTGT SYMMETRY
The central object for BTGT in Eqs. (5) and (6) is the covariant tensor field [G µν (x)] i j . In this section, we explain which manifestly covariant functional degrees of freedom are thrown out when the BTGT theory is quantized in terms of θ A a and the consequences of this in comparing computations in different frames. In this way, we are able to identify an extension to the previously stated BTGT symmetry, the equivalence class of θ A a that give the same A µ . In particular, the extension is to include the invariance with respect to different frame choices {ψ µ (a) , x [1] } and was already implicit in previous papers [16] [17] [18] .
We begin by giving a discussion of the Lorentz group representation properties of [G µν (x)] i j .
With the aim of eventually accommodating Eqs. (4) and (5) In order to accommodate the choice of the exponentiation map Eq. (9) (motivated from the group representation property Eq. (4)), we impose the constraint
where the Latin indices such as i, j refer to the space spanned by i, j indices in the generator matrix T B i j with i, j ∈ {1, ..., N}. One can easily show that this constraint corresponds to restricting (G λ µ ) jk to having 16N 2 real degrees of freedom . Hence, imposing this constraint reduced the number of degrees of freedom from 32N 2 to 16N 2 . Indeed (G α µ ) jk can be thought of elements of U (N, 3N). Since Eq. (43) is a covariant constraint, manifest Lorentz invariance has been preserved.
Since we want the smallest (G α µ ) jk representation to identify the smallest set of manifestly covariant degrees of freedom being thrown out when the BTGT theory is quantized in terms of θ a , we can then ask whether we can reduce the 16N 2 degrees of freedom further closer to 4N 2 without sacrificing covariance. To this end, note the raised Lorentz index matrix (G αβ ) i j in the ansatz Eq. (9) is symmetric in the Lorentz indices. We also know that any Lorentz transform orbits of (G αβ ) i j that is symmetric in the Lorentz indices remains symmetric. However, we cannot simply conclude from the usual SO(1, 3) decomposition 16 = 1 ⊕ 3 ⊕ 3 ⊕ 9 with the 10 = 1 ⊕ 9 being symmetric that a possible representation is 10N 2 ⊕ 10N 2 since we need to satisfy Eq. (43). Indeed, we already know the restriction gives a smaller set since 16N 2 < 20N 2 . We can therefore try to solve Eq. (43) explicitly and impose the restriction of index symmetry.
Start by noting that a U (1, 3) group representation matrices are the set of matrices U satisfying
where η is the Lorentz metric matrix reminiscent of Eq. (43). Hence, we will try to find (G αβ ) i j satisfying exchange symmetry in the Greek indices and Eq. (43) by starting with the U (1, 3) group matrix fundamental representation and then making each group matrix element be valued in a gauge Lie algebra matrix space in an appropriate way. As we will see below, these conditions will reduce the number of degrees of freedom from 16N 2 to 10D(G ) where D(G ) ≤ N 2 is the dimension of the gauge group transforming according to Eq. (4).
The fundamental representation of U (1, 3) can be explicitly generated by the 16 matrices (ele-ments of the Lie algebra u (1, 3) )
and 
where the matrix entries correspond to Lorentz µν entries. Although the matrices generated by J form the group SO(1, 3) subgroup while the matrices generated by S do not form a group, this does not mean we should restrict to the subgroup generated by J for constructing BTGT because we are not looking for the group matrices but the representation basis tensors. 3 Now, we impose the symmetry of (G αβ ) i j = (G β α ) i j (imposed by consistency with the ansatz Eq. (9)) as planned by choosing S to generate (G α β ) i j . First, note
gives a symmetric K αβ . This property can be imported to describing (G αβ ) jk . To solve Eq. (43),
we still have to impose the condition on the Latin indices of (G α µ ) jk . To see if the solution is possible, try
where α a is Lie algebra valued: i. e.
and the product T C Ξ a T E Ξ b is defined as in the usual tensor product space:
It is easy to check that Eq. (43) can be satisfied as follows. First, expand:
Using the property ηΞ a † η = Ξ a , we conclude this is equivalent to Eq. (43).
Even though T C Ξ a is not in general a group generator, we are most concerned with whether the orbit of (G α β ) i j under Lorentz transformations and can be written in the form of Eq. (49). Note that there generically exists a solutionα A a (x) to
Furthermore, since exp i
(with the T A associated Latin indices suppressed) and the Lorentz transform induced orbits preserve this symmetry, one generically expects there to be a solution to
as we will now verify.
For verification, we give explicit representation of the covariant 10 × D(A) degrees of freedom in α A a (x)T A Ξ a , which can be given in many forms. One form is
which under Lorentz transformation transforms as
where α a is Lie algebra valued: i. e. 
With this definition, the fields α µν have the following Lorentz transformation property:
which is obviously useful for constructing field theories. From this, it is clear that one can recover a manifestly frame independent description with 10 × D(G ) degrees of freedom whereas the diagonal fields {α 00 , α 11 , α 22 , α 33 } are the θ a degrees of freedom.
Since S has 10 elements, we see that we can describe a manifestly frame independent covariant complex tensor (G α µ ) jk with 10 × D(G ) real degrees of freedom. The subset of S given by subalgebra of u(1, 3) ) generate the Abelian group U (1) 4 as usual, and it is this group manifold that is parameterized by the BTGT fields θ B a for any fixed B. Hence, we have arrived at our answer: it is the 6D(G ) related to the non-Cartan-subalgebra elements of u (1, 3) in S that are lost in using the θ B a ansatz Eq. (9) and leads to a frame-dependent description of a frame independent theory.
One consequence of describing the covariant frame independent theory using only 4 × D(G ) degrees of freedom (instead of 10 × D(G )) is that when one compares G µν computations executed in two different x [1] frame choices (see Eq. (24) for the definition of x [1] ), one is actually considering different tensors and not the components of the same tensor in different Lorentz frames.
To be more precise, suppose one x [1] choice (with coordinate basis e ν ) is related to the other x [1] choice through a Lorentz transform x[1] = x [2] = Λx [1] . Suppose the field G µν in x [1] coordinates is computed with a basis choice ψ µ (a) :
In
where we have used the scalar transformation property of θ a . Now, suppose one considers the same choice of basis ψ µ (a) in x[1] = x [2] frame and executes the computation. One can easily obtain
This means
Consequently, the map of G α β to A µ together with the covariance of G α β and A µ induce an equivalence class of of tensors G µν e µ ⊗ e ν ∼ G αβē α ⊗ē β even though G µν e µ ⊗ e ν =Ḡ µνē µ ⊗ e ν = G αβē α ⊗ē β .
Although we already know that BTGT transform is identified as an A µ equivalence class, what we learn from this section is that the equivalence class is a combination of an {ψ [1] } choice since the path integral is defined originally with respect to A µ . One might wonder whether working with θ a frame dependent fields will require a strong frame dependence of the counter terms. In our previous explicit computations [17, 18] , we saw no evidence for the variable change playing a role at one-loop. As we will see in the next section, there is a good reason why this change of variables does not lead to disastrous loss of frame invariance through the counter terms: the combination of BTGT, gauge, and Lorentz invariance, together with S 4 symmetry and a parity symmetry of the frame field implicit in the BTGT formulation leads to manifest frame independence of the action.
FRAME INDEPENDENCE WITHOUT RELYING ON THE A µ FIELD
Thus far, we have focused on the frame independence of BTGT being a consequence of a field redefinition of the manifestly covariant field A µ (θ a ). We know that A µ is required for gauge invariance. Furthermore, the relationship between θ a and A µ is constrained by BTGT invariance, gauge invariance, and the choice of {ψ 
The intuition is that gauge invariance, BTGT invariance, and the conditions of Eqs. Let us now proceed with the details. In Appendix B, it is shown that the most general BTGT invariant Lagrangian must be a function of BTGT invariant monomials U a ∂ (a) U −1 a and ∂ µ U a ∂ (a) U −1 a . Explicitly, the functional dependence of the Lagrangian is
where ∂ (a) U −1 a ≡ ψ µ (a) ∂ µ U −1 a is the projected derivative. We next use gauge invariance to further restrict the theory. The gauge covariant derivative which has the usual transformation properties is
where any choice of the constant c ab is compatible with both gauge and BTGT invariance. Imposing the conditions of Eqs. (73) and (76) restricts this to 
and
where V µ (ψ,U ) is defined in Eq. (79). It is interesting that the commutator of fields does not appear in the BTGT formalism Eq. (83). More precisely, the gauge curvature tensor F µν is homogeneous in ordinary derivatives, just like in the Abelian theory. We defer the exploration of this property to a future work. 
for some constants x ab ,y ab , and z a ,F αβ ≡ 1 2 ε αβ µν F µν is the dual field strength tensor, and V φ (φ , φ † ) is a gauge invariant potential. The residual basis dependence of L is removed by applying the permutation symmetry Eq. (73); this leads to the restriction
for some constants x, x ′ , y,y', and z. The Lagrangian then reduces to
which is frame independent. The frame dependent x ′ and y ′ terms are zero because F µν and its dual are anti-symmetric while the coefficients satisfy the identity ( where the subscript on the Jacobian J ψ indicates that the theory may still be frame dependent. For instance, in the Abelian case we write the Jacobian inverse as
and we see that explicit frame dependence coming from the zero modes of derivative operator
Nonetheless, this Jacobian should be frame independent apart from the zero modes, which do not affect perturbation theory. This is consistent with the explicit one loop computations done in both the Abelian [17] and non-Abelian [18] cases. The residual ψ µ (a) dependence of the theory might also be removable by averaging over all ψ µ (a) , i.e. taking a path integral over all possible ψ µ (a) . Another possible (but even less likely) obstruction to the theory being frame independent would be the non-invariance of the measure under the symmetries such as the S 4 permutation and parity symmetries. We will not address these issues further in this paper.
There are also higher mass dimension non-renormalizable terms with ψ µ (a) frame dependence that can be written down in the Lagrangian consistent with all the symmetries. . For example, terms such as 
Our first result was to show that (H a ) µν when written in terms of ψ µ (a) in Eq. (10) can be understood as a tensor made from a bilinear combination of Jacobian factors (Eq. (25)) in going from an arbitrary chosen inertial frame x [1] to another inertial frame. This means θ A a are frame x [1] choice dependent fields. Afterwards, we showed through Eq. (49) how a manifestly covariant
i without reference to x [1] can be accomplished through (G αβ ) i j which has 10D(G ) degrees of freedom (where D(G ) is the dimension of the gauge group transforming according to Eq. (4)). This means by quantizing using θ A a , we are setting 6D(G ) degrees of freedom to effectively to zero.
Despite this arbitrariness, because BTGT was defined through a field redefinition from A B µ to θ B a in [16] [17] [18] , the BTGT formalism is manifestly Lorentz invariant and x [1] choice independent. As a corollary, we have shown through Eqs. (71) and (72) that different x [1] choices leads to an equivalence class of θ A a . This equivalence class is distinct from the BTGT and gauge symmetry, and it is inherent in the usage of θ A a for quantization. Although this last statement is in some sense trivial since the equivalence arises from merely a field redefinition, computations at one loop [16] [17] [18] did not show a sensitivity to the path integral variable change Jacobian. This makes this equivalence class statement less trivial.
We then partially explained why the x [1] frame dependence is disappearing in [16] [17] [18] by showing explicitly in Sec. 5 that BTGT invariance, gauge invariance, renormalizablity, and a couple of discrete symmetries associated with the frame-dependent variables (S 4 permutation symmetry and a parity symmetry related to PT symmetry) make the action x [1] choice independent even when the action depends on both ψ µ (a) and U a = exp iθ A a T A (both of which are x[1] dependent). The full quantum generating functional is almost x [1] independent except for the issues associated with the zero modes of the Jacobian associated with the path integration measure chage. Hence, the perturbative computation is also argued to be x [1] independent.
The work presented in this paper has several obvious extensions. First, although we have focused in Sec. 5 on renormalizable BTGT theories, the frame independence may be generalizable to nonrenormalizable theories through extended symmetries of the form in Eq. (C1). Secondly, we have explicitly constructed the the frame independence in Sec. 5 including only gauged scalar matter fields. It would be interesting to extend this to higher spin fields. Thirdly, we noted in Eq. (83) that the non-Abelian field strength tensor in the BTGT formalism is homogeneous in the derivatives just as in the Abelian theory. It would be interesting to use this property as well as the property D (a) U a = 0 for constructing novel semiclassical solutions.
Perhaps the most interesting extension is to embed Eq. (49) into coset model of gauge fields.
(For other related efforts in this direction, see e.g. [19] [20] [21] .) For this effort, it would be useful to rewrite the BTGT symmetry in terms of G µν only without referring to the U a field. Such coset constructions will naively generate 6D(G ) additional degrees of freedom than what is observed.
It would be interesting whether these additional degrees of freedom can be sufficiently hidden for phenomenological consistency. See section 7 for more details on the scaling symmetry of ψ µ (a) . Note that a is a fictitious Lorentz index, while µ is a real spacetime tensor index. 
where U a (x) = e iT A θ A a (x) .
BTGT transformations
Given a set of four scalar BTGT fields U a , the BTGT transformation is given by
where Z a (x) = T A Z A a (x) satisfies the zero mode constraint
The BTGT variation is defined to be zero for all other fields:
Permutation symmetry of BTGT labels
Relabeling symmetry is generated by the exchanges
for any a and b. In terms of ψ (a) and U a it is
We impose this condition on BTGT to obtain ordinary gauge theory. One possible complication of this permutation symmetry is that it affects the interpretation of ψ µ (a) as the Jacobian of a frame change from x [1] to x [2] . The swapping of Latin index a on η aa must be matched with some swapping of spacetime indices on η µν . When both Latin and Greek indices are free and not summed seems to be the only possible problematic case. However, there was no case found for which this would occur. The issue does not therefore seem important at this time. 
Pure gauge basis invariance
A pure gauge configuration is when U a = e iΓ , which is gauge equivalent to the identity element 1 ∈ G . When U a is pure gauge, the theory is invariant under a basis change of the form 3) is some Lorentz transformation and basis set has been normalized via Eq. (A16).
In this section we will show that if the action S = S ψ µ (a) ,U a , φ is invariant under the BTGT symmetry defined in Eq. (A10), then the field dependence of the Lagrangian of that action up to two derivatives of the fields can be expressed as
Let's begin. In terms of all the fields and their derivatives, the most general Lagrangian has field dependence of the form
where the space-time dependence is implicit. Since ∂ µ U a = −U a ∂ µ U −1 a U a , the Lagrangian has field dependence
without loss of generality compared to Eq. (B2).
To obtain BTGT singlets in L , one must have pairs of U a and some derivative of U −1 a , with U a appearing to the left of U −1 a . These U a , U −1 a pairs are the building blocks of making larger BTGT invariants. We can show by exhaustion that each of them can be expressed in terms of U a ∂ (a) U −1 a and its derivatives. Let us list all such building blocks up to two derivatives acting on U a . There are the field independent invariant combinations
ε k 1 k 2 ···k N = ε i 1 i 2 ···i N (U a ) i 1 k 1 (U a ) i 2 k 2 · · · (U a ) i N k N , BTGT invariants are made from these building blocks and can therefore be expressed in terms of U a ∂ (a) U −1 a and its derivative. In addition, we have the following combinations that transform as BTGT adjoints U Since L must be a BTGT invariant, the BTGT adjoint objects must eventually appear in a group trace composed only of BTGT adjoint objects [22] . Since U a is the only field with a BTGT charge, these are the only BTGT adjoint objects that appear in L . Therefore, they can only appear with each other in a trace. Inside the trace, they become equivalent to BTGT invariants:
Tr 
where φ a is a real global parameter. This scaling symmetry is designed so that H a appears only in the form of H a U a or H a U † a (no sum over a).
The symmetry of Eq. (C1) prevents frame dependent terms like Eqs. (96) and (97) from emerging in any effective action potential. However, the scaling also corresponds to a deformation of the properties of both H a and U a as previously defined. For example, the inverse to U a would satisfy
In addition, θ a = θ A a T A is deformed from the Lie algebra under the scaling of Eq. (C1) by
where 1 is multiplicative algebra identity such that T A , 1 = 0. The imaginary component of Eq. (C3) is an analytic continuation of the field θ a . Covariant derivatives would be modified to
which is obtained by replacing U −1 a with Eq. (C2) and H a with H a /Tr(H a ). The same replacements should be consistently done in the BTGT and gauge invariant Lagrangian.
